Abstract. We define and investigate spectral invariants for Floer homology HF (H, U : M ) of an open subset U ⊂ M in T * M , defined by Kasturirangan and Oh as a direct limit of Floer homologies of approximations. We define a module structure product on HF (H, U : M ) and prove the triangle inequality for invariants with respect to this product. We also prove the continuity of these invariants and compare them with spectral invariants for periodic orbit case in T * M .
Introduction
Lagrangian Floer homology for open subsets in cotangent bundles was introduced by Kasturirangan and Oh in [8] as a part of a project of "quantization of EilenbergSteenrod axioms" (see [7] ). The construction goes as follows. Let U ⊂ M be an open subset of a compact smooth manifold M , with a smooth compact boundary ∂U . The conormal bundle, ν * (∂U ), defined as ν * (∂U ) = {(q, p) ∈ T * M | q ∈ ∂U, p| Tq∂U = 0}, is a Lagrangian submanifold of the cotangent bundle T * M . Define ν * − (∂U ) := {α ∈ ν * (∂U ) | α(n) ≤ 0, for n outward normal to ∂U } and ν * U := O U ∪ ν * − (∂U ). The set ν * U , called the conormal to U , is a singular Lagrangian submanifold, but it allows a smooth approximation by exact Lagrangian submanifolds. Following [8] , we denote these approximations by Υ ε . It holds Υ ε → ν * U as ε → 0 in Lipschitz topology (see [8] for the details).
Floer homology for the open set U is defined to be a direct limit of Floer homologies of approximations. In order to have the latter well defined, one needs to consider a Hamiltonian H : T * M × [0, 1] → R such that Here θ is a canonical Liouville form on T * M and h Υε is a function satisfying ı * θ = dh Υε which exists since Υ ε is exact. The boundary map ∂ J,H is defined as the number of perturbed holomorphic discs with boundary on O M and Υ ε : Here J ε is an almost complex structure compatible to the standard symplectic form ω = −dθ, which coincides with the canonical almost complex structure J 0 on T * M at infinity. By the canonical almost complex structure J 0 we assume the one induced by the Levi-Civita connection for a fixed metric g 0 .
Denote by HF (O M , Υ ε : H, J ε ) the corresponding Floer homology. Floer homology of the open subset U is defined as a direct limit of above Floer homologies for the approximations Υ ε : (5) HF (H, U : M ) := lim ε HF (O M , Υ ε : H, J ε ), after defining an appropriate partial ordering to the set of pairs (Υ ε , J ε ) (see below or [8] for more details).
In this paper we construct and investigate spectral invariants for the Floer homology of the open subset HF (H, U : M ) and establish their compatibility with the direct limit (5) .
The first step in this direction is the construction of Piunikhin-Salamon-Schwarz isomorphism between HF (H, U : M ) and singular homology of U (modelled by Morse homology). More precisely, we prove the following theorem. Let HM * (f, U ) denotes the Morse homology of U (see Section 2 below).
Theorem 1. There exist PSS-type isomorphisms
Ψ : HM * (f, U ) → HF * (H, U : M ), Φ : HF * (H, U : M ) → HM * (f, U ) which are inverse to each other and natural with respect to canonical isomorphisms in Morse and Floer theory. More precisely, if
We construct PSS isomorphisms and prove Theorem 1 in Section 2. First we construct the corresponding isomorphisms for approximations HF (O M , Υ ε : H, J ε ) and prove that they commute with the homomorphisms that define the direct limit (5) .
Next, we construct three pair-of-pants type products in Morse and Floer theory for open sets. Products in Morse and Floer theory were studied by various authors: Abbondandolo and Schwarz [2] , Auroux [4] , Oh [19] and also in [10] .
Here we establish the following products for open subset.
Theorem 2.
There exist a pair-of-pants type products:
:
Theorem 2 is proven in Section 3. Since Floer homology for the open set is defined as a direct limit, the key step is to prove that the products defined on homology for approximation commute with the homomorpshisms that define the direct limit.
Finally, using the above PSS isomorphism, we construct the spectral invariants for Lagrangian Floer homology of the open subset HF (H, U : M ). Spectral invariants were defined by Oh in [18] in Lagrangian Floer theory, and by Schwarz [25] for periodic orbit case, following the work of Viterbo [26] . They were further studied by Leclercq [11] , by Monzner, Vichery and Zapolsky in [17] and also in [12, 13, 14, 15] .
We prove the following properties of these spectral invariants: their continuity with respects to H and their subadditivity with respect to the products from Theorem 2. We also compare the above spectral invariants with the invariants for periodic orbits case, using the homomorphisms defined via "chimneys" introduced by Albers [3] and Abbondadolo and Schwarz [1] . Further, we prove the inequality of spectral invariants between two open sets U ı → V and a specific singular homology class (see Subsection 4.1). This slightly generalizes a result by Oh [20] for a spectral invariant
More precisely, in Section 4 we prove the following theorem.
Theorem 3. For given singular or Morse homology class α ∈ HM * (f, U ) \ {0}, the spectral invariant c U (α, H) defined via PSS isomorphism from Theorem 1 has the following properties:
• triangle inequality. c U (α·β,
is continuous with respect to H • comparison with periodic orbit invariants. If ρ(·, H) stands for a spectral invariants for periodic orbit case in T * M and ı * , ı ! are homomorphisms in homology induced by the inclusion map, we have:
• invariants for subsets. Let U ı → V be two open subset of M and let
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PSS isomorphism
PSS type isomorphism was originally constructed by Piunikhin, Salamon and Schwarz [21] for periodic orbit case, and later adapted in [9, 3] for Lagrangian case.
2.1. Isomorphism for approximations. We first establish the PSS isomorphism for approximations. It follows from (1) that all solutions of Hamiltonian equatioṅ
∈ O M | ∂U , so by choosing Υ to be close enough to ν * U , we may assume that all solutions of (2) satisfy
The grading for x ∈ CF (O M , Υ : H) is defined to be
where µ S is a canonically assigned Maslov index, defined for any smooth closed submanifold S ⊂ M (see Definition 5.9 in [18] ). The dimension of the space M(x, y, O M , Υ : H, J) of perturbed holomorphic discs the satisfy (4) and the infinity boundary conditions:
for all x, y ∈ CF (O M , Υ : H) (see [8] ). Consider now a Morse function f : U → R such that the set of critical points of f , Crit(f ) is contained in a closed set A, Crit(f ) ⊂ A ⊂ U , and therefore, is finite. For p ∈ Crit(f ) and x ∈ CF (O M , Υ : H) define the space of mixed objects (see figure below):
Let m f (p) denotes the Morse index of a critical point p and n = dim M .
Proposition 4. For generic choices the set
For a generic choice of parameters the evaluation map
is transversal to the diagonal, so
is a smooth manifold of codimension n in [16] ) and dim
In the same way we conclude that the set
Define M(p, q) to be the set of all solutions of the differential equation
modulo R action and, similarly, denote by
By standard arguments using the Arzela-Ascoli and Gromov compactness theorems, one can prove the following proposition. Bubbling cannot occur due to exactness of ω and Lagrangian boundary conditions.
, then the zero-dimensional manifolds M(p, x) and M(x, p) are compact, and hence, finite sets.
where the first union is taken over all q ∈ Crit(f ), with m f (q) = m f (p) − 1, and the second over all
The part (1) in the previous proposition enables us to define the homomorphism between Morse and Floer homology. Denote by Denote:
n(x, p)p.
It follows from the standard cobordism arguments and the part (2) of the Proposition 5 that the homomorphisms φ Υ and ψ Υ define the homomorphisms
on the homology level.
Theorem 6. The homomorphisms Φ Υ and Ψ Υ are isomorphisms and it holds
Proof: The proof relies on standard cobordism arguments. The auxiliary onedimensional manifolds are:
Unlike before, in the equations (9) and (10), the smooth cut-off function ρ R :
The rest of the proof is similar to the proof of Theorem 6 in [9] .
For two Morse functions f α and f β , Morse homologies HM (f α , U : g) and HM (f β , U : g) are canonically isomorphic (see [24] ). Similarly, for two Hamiltonians H α and H β , the corresponding Floer homologies HF (O M , Υ : H α , J) and HF (O M , Υ : H β , J) are isomorphic. Denote these canonical isomorphisms by
Denote by
commutes.
Proof: The proof is also based on cobordism arguments, so we will only give the description of the auxiliary one-dimensional manifold that we use here:
Here H s αβ is a smooth homotopy connecting H α and H β , and similarly for f αβ , while ρ R is as in (11).
Isomorphism for Floer homology of open set. In order to define Floer
homology for the open set as a direct limit of Floer homologies for the approximations, Kasturirangan and Oh defined a partial ordering on the set of approximations as:
The function ϕ a is defined by h a = ϕ a • π on U , where h a : Υ a → R is a smooth function such that
(recall that Υ a is exact) and π : T * M → M is a canonical projection. Since H is fixed, one has to vary the almost complex structure J to obtain a transversal position. Denote by J a an almost complex structure corresponding to Υ a and denote by
a canonical homomorphism that satisfies:
for given triple Υ c ≤ Υ b ≤ Υ a sufficiently close to ν * U (see [8] ). Since we want to establish an isomorphism between Floer homology and Morse homology for a fixed Morse function, we will vary Riemannian metric, so the term "generic choices" in the Proposition 1 refers to an almost complex structure J and Riemannian metric g.
Fix a Hamiltonian function H and a Morse function f . For a Lagrangian approximation Υ a , choose an almost complex structure J a and a Riemannian metric g a such that all the transversality conditions are fulfilled, i.e. the sets M(p, q), M(x, y), M(p, x) and M(x, p) are manifolds for all p, q ∈ Crit(f ) and all Hamiltonian paths x, y with boundaries on O M and Υ a . Since for two Riemannian metric g a and g b there is a canonical isomorphism
Consider a diagram:
where we use the abbreviations
and so on.
Proposition 8. The diagram (14) commutes.
Proof: The commutativity of (14) is equivalent to the identity
In order to prove (15) , let us fix R, T > 0 and define
• Υ s to be a monotone homotopy for s ∈ R such that
and J s the corresponding family of almost complex structures such that all transversality conditions hold; •g s to be a homotopy of Riemannian metrics such that
Recall that the homomorphism G ab at the chain level (we denoted by G ab the induced homomorphism in homology) is defined via the number of the set
and the homomorphism F ab via the number of (17) M(x, y :
For two critical points p, q ∈ U of Morse function f define the following auxiliary manifolds
In B 3 , x and y are Hamiltonian paths with x(0),
The loss of compactness corresponding to the boundary points from B 1 , B 2 and B 4 happens when R is bounded, and B 3 occurs when R → ∞. Counting the objects from B 1 and B 2 gives us the maps of the type K • ∂ and ∂ • K, for a map K defined via the number of zero component of manifold M(p, q : Υ s ,g s ). Therefore, the maps A and B, defined by the number of zero-dimensional boundary components B 3 and B 4 respectively, are the same in the homology.
The map A is obviously the same as the map (
e. the right hand side in (15) , although the Riemannian metrics defining the gradient lines in mixed objects are not the same. This follows from standard parameter independence arguments.
So we need to prove that that B = G ab in the homology level. By standard cobordism arguments, we can conclude that the map B does not depend on the choice of R 0 . By letting R 0 → 0, we conclude that, in the holomoly level, the map B is equal to the map C, defined by the number of the set
But since the above u is holomorphic, it holds
The equality (i) follows from (13) and from the fact that u maps {−∞} × [0, 1], {+∞} × [0, 1] and R × {0} to O M . The equality (ii) holds since the function h Υ are zero on O M (see [8] ). We conclude that the maps C and G ab are the same, therefore, (15) holds.
From Proposition 8 and the fact that all the maps in (14) commute, it follows that there exists a direct limit isomorphism (19) Φ :
Similarly, by considering the commutative diagram
we obtain the direct limit isomorphism
Theorem 9. The induced maps Φ and Ψ are isomorphisms and it holds
Proof: From Theorem 6 we have
and similarly for the second equality.
From the canonical isomorphisms
and the commutativity of
one obtains an isomorphism:
Similarly, we have
Proof: Recall that the diagram (12) commutes for all approximations close enough to ν * U and for generic choices. So we have
This proves Theorem 1.
3. Product on homology and module structure 3.1. Product on homology. In this section we construct a product on Floer homology for an open subset
for every approximation Υ. Product (20) is defined by counting pair-of-pants objects. We define a Riemannian surface (with a boundary) Σ Υ as a disjoint union
with the identification (s, 0 − ) ∼ (s, 0 + ) for s ≥ 0 (see Figure 2 ).
Denote by Σ 1 , Σ 2 , Σ 3 the two "incoming" and one "outgoing" ends, such that
and by u j := u| Σj , j = 1, 2, 3. Let ρ j : R → [0, 1] denote the smooth cut-off functions such that Figure 2) . 
In order to prove Proposition 11, we need the following lemma. Recall that we denote by F ab the homomorphism
defined by (17) . Here J a = J Υa , etc. To emphasize the Hamiltonian we are considering, we will sometimes write F We need to show that a product does not depend on representatives of a class. Let x a and x b represent the same element in HF * (H 1 , U : M ) and similarly y a and y b in HF * (H 2 , U : M ). This means that there exist
. Let e = max{c, d}. We have
which means that x a •y a and x b •y b represent the same element in HF * (H 3 , U : M ), i.e. the product • is well defined on homology for the open set.
Proof of Lemma 12:
The homomorphism F ab is an isomorphism for a, b large enough. The inverse homomorphism is actually F ba . This can be proved using the cobordism arguments similar to ones in the proof of the independence of Floer homology with respect to the parameters (Hamiltonian, almost complex structure). Therefore, (21) is equivalent to (22) x a • y a = F H3 ab
ab (y a ) . The proof of (22) is similar to the proof of the Proposition 8, so let us just specify the auxiliary one-dimensional manifold whose boundaries provide the corresponding homology maps. Let Υ s be as in (16) and x a , y a , z a be the solutions oḟ
For appropriate Maslov indices of x a , y a , z a we define the auxiliary one-dimensional manifold M(x a , y a , z a : Υ s ) to be the set of all pairs (R, u), where R ∈ [R 0 , +∞) and
is the solution of the equation∂J ,H u = 0 whereH is depicted in the Figure 3 , as well as corresponding boundary conditions. The almost complex structureJ is chosen to satisfy all the regularity conditions.
The following proposition establishes the ring structure PSS isomorphism.
where Φ is the PSS isomorphism (19) . Proof: It follows from the definition of Φ and Proposition 11 that it is enough to show that
for a fixed approximation Υ and fixed Riemannian metric defining the product ·. The equality (23) is equivalent to
The latter equality follows from cobordism arguments similar to ones used in the proof of Proposition 8 and Lemma 12. The auxiliary one-dimensional manifold we use here is explained by the Figure 4 . 
, we define the moduli space M(p 1 , p 2 ; p 3 ) to be the set of all trees γ := (γ 1 , γ 2 , γ 3 ) such that
For generic choices these spaces are manifolds of dimension
If n(p 1 , p 2 ; p 3 ) denotes the mod 2 number of a zero-dimensional component, then the product · is defined at the chain level:
as:
on generators. Since it commutes with the Morse boundary operator, it is well defined at the homology level. By standard combinatorial and cobordism arguments one can show that it defines a ring structure on HM * (f, U : g Υ ).
Now, we note that for every approximation Υ, HF * (O M , Υ : H, J Υ ) is a HM * (f, U : g Υ )-module. As before, the external product is defined at the chain level
Let H s denotes a smooth family of Hamiltonians such that
we define the moduli space M(p, x; y) as a set of pairs (γ, u) such that
dimensional manifolds and their zero-dimensional component is compact. We define the product on the set of the generators of chain complexes as:
where 2 M(p, x; y) denotes the cardinality of the zero-dimensional component of M(p, x; y). Using standard cobordism arguments, as above, one can show that induces a product in homology. Similarly to [11] it follows that
for all p, q ∈ HM * (f, U : g Υ ) and x ∈ HF * (O M , Υ : H, J Υ ). In order to have the products · and well defined on a direct limit of Morse and Floer homology groups, one needs to check their compatibilities with homomorphisms G and F. Lemma 14. Let F ab and G ab be the homomorphisms that define the direct limit Morse and Floer homology groups, obtained by the number of (17) and (18) respectively. Then it holds
The proof is similar to the proof of the Lemma 12. From (24) and (25) it follows that · and are well defined operations on HM * (f, U ) and HF * (H, U ; M ) and that
Spectral invariants

4.1.
Invariants for the open subset. From now on, we will denote the PSS isomorphisms defined in the previous section by
and the isomorphisms for the approximations by
Recall that the filtered Fleor homology groups for approximations are defined as homology groups of the filtered chain complex
Since the action functional decreases along the strips that define the boundary operator
the boundary operator descends to CF
Denote the corresponding homology groups by HF 
are naturally and well defined (see [8] ).
}. The next step is to verify that, for a fixed Hamiltonian H, c Υ (·, H) tends to c U (·, H) as Υ → ν * U . Actually, stronger property holds.
for all Υ ≤ Υ.
Proof:
We have the following commutative diagram
. From the definition of a direct limit we conclude that
for some Υ and Υ . Since
) for some Υ which is closer to ν * U than Υ and Υ , Υ ≤ Υ and Υ ≤ Υ . Using the commutativity of the above diagram we get
We find that
If we take α ∈ HM k (f, U : g Υ ) \ {0} and λ ∈ R such that
Again, from the definition of a direct limit we obtain the equalities
This gives us the inequality
In the quotient space HM k (f, U ) elements α and G ΥΥ (α) represent the same element. From (27) and (28) we derive
and all inequalities become equalities. Since spectral invariants decrease as Υ → ν * U , i.e.
for every Υ ≤ Υ, they all become equal to c U ([α], H), starting from some Υ. are continuous with respect to the Hamiltonian H,
(here 1 denotes the generator of zero homology group, HM 0 (f, U : g Υ )).
Proof: First, we prove that
is continuous with respect to Hamiltonian H. Let us fix a good approximation Υ and let H and H be two Hamiltonians satisfying (1). Consider the linear homotopy
(we can approximate this linear homotopy with a regular one). The isomorphism S Υ H,H is defined by a number of the holomorphic strips that connect
If there exists u ∈ M(x, y, O M , Υ : H, H , J Υ ) that connects x and y then it holds that holds for all α ∈ HM * (f, U : g Υ ). If we write the same inequality for the generator of zero homology group, we derive the continuity of relative spectral invariants for approximations:
From this inequality and from the Lema 16 it easily follows that relative spectral invariants for an open subset are continuous with respect to the Hamiltonian H.
Triangle inequality.
Proposition 18. For an approximation Υ and for α, β ∈ HM * (f, U ) such that α · β = 0 it holds
Proof: Choose a Hamiltonian H 3 that is regular, smooth and close enough to H 1 H 2 :
We prove that a product • descends to a product on filtered homologies
Let us take a smooth family of Hamiltonians K :
We can choose K such that ∂K ∂s ≤ ε, s ∈ [−1, 1], and ∂K ∂s = 0, elsewhere. Assume that for x ∈ CF λ * (Υ : H 1 ) and y ∈ CF σ * (Υ : H 2 ) there exists u ∈ M(x, y; z) for some z ∈ CF * (Υ : H 3 ). Here, u are pseudo-holomorphic pants for a Hamiltonian K∂ K,J Υ (u) = 0. Using the relations
Stoke's formula and properties of a Hamiltonian K it follows
(y) + 4ε. Now, from Proposition 13 we obtain the inequality
Since spectral invariants are continuous with respect to the Hamiltonian we get the claimed inequality.
Taking a direct limit in the previous proposition and using Lema 16 we obtain the following theorem.
Remark 20. Using Proposition 13 we can restate the previous theorem as the map induced by inclusion. Let PSS stands for PSS isomorphism for periodic orbits, defined in [21] PSS :
and let α ∈ HM k (f, T * M : g). The filtration in Floer homology for periodic orbits is given by the standard action functional
Hdt which is well defined in the cotangent bundle setting. Filtered Floer homology groups are homology groups of a chain complex generated by
where CF k (T * M : H) denotes the Z 2 −vector space over the set of periodic Hamiltonian H−orbits in T * M of Conley-Zehnder index k. In order to do that using the usual cobordism arguments, we consider the following two auxiliary manifolds. Let ρ R be the symmetric cut-off function (11) . Proof. The commutativity of (34) is equivalent to:
The proof of the above equality is similar to the proofs of the Proposition 8 and Lemma 12. The auxiliary one-dimensional manifold will be the set of the pairs (R, u), where R ∈ [R 0 , +∞), u is a chimney with the properties depicted in Figure 7 . From the commutativity of (32) for all approximations, we derive the following corollary. commutes.
